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Abstract. The quantum treatment of the collisional excitation of rotations in H2 and N2 gases as test
molecules is carried out within a space-fixed frame of reference by solving the multichannel close-coupled
equations using an approach newly developed in our group, i.e. the modified variable phase approximation
(MVPA). The interaction potentials contain the static, exchange and correlation-polarisation contributions
and are obtained via a local, multipolar expansion formulation from ab initio data. The results are compared
with existing experiments and produce numerically converged rotationally inelastic cross-sections obtained
from an exact molecular-frame treatment of the problem.

PACS. 34.80.Bm Elastic scattering of electrons by atoms and molecules – 34.80.Gs Molecular excitation
and ionization by electron impact

1 Introduction

It has been known for a long time that electrons pene-
trating a molecular gas loose a substantial part of their
energies by exciting internal degrees of freedom in the gas
molecules [1]. A quantity such as the mean energy loss,
〈∆E〉, is therefore, in the case of a diluted gas, the net
result of many binary collisions in the gaseous medium
which have occurred with molecular targets having differ-
ent initial internal states and ending up into different final
states. It therefore follows that the theoretical determina-
tion of 〈∆E〉 for a given ambient gas requires knowledge
of the state-to-state cross-sections for many inelastic pro-
cesses and especially for rotational transitions, since the
latter become important consequences of slow impinging
electrons being further slowed down from their injection
velocities, whereby they can excite electronic and/or vi-
brational degrees of freedom.

These rotational transitions are of great relevance in
the physics of gases and of low-temperature plasmas,
for spectral-line broadening, in the relaxation processes
within shock-waves and in the thermal balance within the
interstellar gas, to cite some of the wide-ranging topics in
which they play a significant role [2].

As mentioned before, rotationally inelastic collisions
contribute much to electron energy losses only at low en-
ergies, where the impinging electron interacts, via the ani-
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sotropic potential created by the electronuclear network of
the molecular target, with the gaseous molecule and ex-
changes energy with the latter. Because of the kinematic
inefficiency of the process (due to the large mass difference
involved) electrons are usually expected to apply a rather
small torque to the target molecule and therefore to cause
rather small energy transfers at low energies. Furthermore,
when the electron energies are larger than, say, 3.0 eV
the dynamics deals with rotational times which are long
when compared with collisional interaction times [3–5] and
therefore suggests that rotationally inelastic cross-sections
could be obtained within a simple adiabatic scheme, called
the Adiabatic Nuclei Rotations (ANR) [6], whereby only a
frame transformation of the Body-Fixed (BF), molecular-
frame K-matrix elements yields the final state-to-state
rotationally inelastic cross-sections [7]. As the collision
energy decreases such an adiabatic decoupling scheme is
not really valid and the physics of the events requires the
molecular and the projectile angular momenta to be dy-
namically coupled during the scattering process [8] and
through the anisotropic terms of the interaction potential.
Furthermore, the existence of strong angular anisotropy
features of the potential, the presence of charged partners
which extend the range of interaction over a much larger
region of space are both difficult elements to handle in
order to reach converged results for the ensuing S-matrix
multichannel elements (see below for further details).

In the present work we therefore decided to employ
full quantum calculations of the rotational excitation pro-
cesses occurring by electron impact and to use the H2 and
N2 molecular targets (both in their electronic ground
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states) as test examples for which we correctly treat the
dynamics in a space-fixed (SF) frame of reference. The
state-to-state rotationally inelastic cross-sections are ob-
tained from a full quantum account of angular momenta
coupling during the collision and convergence is tested on
the final stability of the S-matrix elements.

The following section briefly describes the scattering
equations while Section 3 reports the evaluation of the
interaction forces. Section 4 presents our results and com-
pares them with some of the experiments for the test sys-
tems we have looked at in the present study, while Sec-
tion 5 gives our conclusions.

2 The quantum dynamics

In this initial test study we shall treat the N2 and
H2 molecular targets as rigid rotors, disregarding from the
time being the effects of vibrational excitations during the
rotational energy transfer collisions. Furthermore, since we
will focus on rather low-energy collisions, we expect the
rotational-to-vibrational mode coupling to be rather inef-
ficient and therefore not to markedly affect pure rotational
inelasticity at these energies [9]. Such effects, however, are
not in general minor ones, especially at higher collision en-
ergies, but will be discussed more in details in future ap-
plications. Furthermore, as reported in the following sec-
tion, the electron interaction with the molecules will be
described by a local, energy-dependent effective potential.
Here again the non-local nature of the exchange interac-
tion is somewhat simplified in our treatment. However,
the present model has already yielded very good results
for other, more complicated targets [10] and thus we ex-
pect that it will be sufficiently realistic also for the present
study.

In the case of the small distortions which are induced
into the target rotations by the impinging particle, the
total scattering wavefunction can be expanded in terms of
asymptotic target rotational eigenfunctions

Hrot(R̂eq)Yjmj(R̂eq) =
�

2

2I
j(j + 1)Yjmj(R̂eq) (1)

with I being the isolated molecule moment of inertia [11]
and (R̂eq) the space orientation of the molecular bond,
kept at its equilibrium value. Hence, the total scattering
wavefunction is given as

Ψn(E, re,Req) =
∑

f

ui→f (re, E)Yf (R̂eq) (2)

where |f〉 denotes the |j′mj′〉 final states of the rotat-
ing molecule that are involved in the expansion and the
ui→f (re, E) are the channel components of the scatter-
ing wavefunction which have to be determined by solving
the usual Schrödinger equation subject to its scattering
boundary conditions, with re being the scattered electron
vector position from the molecular center of mass (c.o.m.),
with radial component given by

ui→f (re) → δifh(−)(re) − Sifh(+)(re) as (re) ∼ ∞ (3)

here h(±)(re) is a pair or linearly independent free partial
wave solutions defined as

h
(±)
if ∼ δifk

−1/2
i exp [i(kir ± liπ/2)] . (4)

When they are chosen to be appropriate Riccati-Hankel
functions, then the Sif coefficients become the elements of
the reduced scattering matrix, often additionally labeled
by the total angular momentum of the system: J = j + l,
the latter l being the continuum electron partial wave
component. Usually, one expects that the numerically con-
verged scattering observables can be obtained by retaining
only a limited number of discrete, asymptotic target states
in the expansion (2).

The ui→f are therefore expanded in products of to-
tal angular momentum eigenfunctions and of radial func-
tions ϕJ

λλ′ (E, re), where J is the magnitude of the total
angular momentum and, λ′ = (j′, l′). The radial functions
are in turn solutions of the familiar set of coupled, second
order homogeneous differential equations (in the case of
local interactions) [11,12][

d2

dr2
e

I2 − 1
r2
e

l2 + K2

]
ΦJ(E, re) = UJΦJ (E, re) (5)

where I is the unit matrix, ΦJ is the matrix of radial
functions and atomic units are used throughout this work.
Hence

(l2)λλ′′ = l′(l′ + 1)δλ′λ′′ (6)

(K2)λλ′′ = k2
j′δλ′λ′′ = 2(E − Ej′ )δλ′λ′′ (7)

(UJ (re))λ′λ′′ = 2
∑
L

fL(l′j′; l′′j′′; J)VL(re) (8)

where the fL(l′j′; l′′j′′; J) are the well-known, real coef-
ficients of Percival and Seaton [13] and the coupling be-
tween the asymptotic (diabatic) target states is given by
the radial matrix elements which we shall discuss in detail
in the next section. Since L is even and fL(l′j′; l′′j′′; J) is
real, the UJ

λ′λ′′ is nonzero only if j′ − j′′ is even, i.e. the
matrix is block diagonal with two subblocks that contain
only even values of (l′ + j′) or only odd values of (l′ + j′).
Thus, when one starts from j = 0 it is only necessary to
include those values of the partial wave index l for which
|J − j| ≤ l ≤ J + j and for which l+J is even. When jmax

is the maximum value of j included in the expansion (2),
then the fL’s are zero for L > 2jmax when j′ < jmax

and j < jmax. Thus, the direct coupling between rota-
tional levels will be controlled, as we shall further discuss
below, by the largest multipolar coupling VL included in
equation (8).

The number of channels to be included in the expan-
sion for equation (5) obviously depends on the system and
on the collision energy. Furthermore, for each selected col-
lision energy it also depends on the region of interaction
that is being sampled during the search for the channel
eigenfunctions. In the short-range regions, which corre-
spond to the strongest interactions, one should include
all those channels which become locally open because of
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the attractive features of the given interaction (and which
would be asymptotically closed, at least some of them).
Their number could be very large in the present situations
where the Coulomb interaction diverges over the nuclear
cusp regions. On the other hand, in the weaker asymptotic
region for re ∼ ∞, only a few of the open channels will be
needed. In between these two extreme situations there is
a region of interaction, usually quite large for the present
ionic forces, where the closed channels change their impor-
tance with distance and therefore could be varied in num-
ber accordingly. Just to treat such demanding interaction
forces during an exact quantum dynamics, we have re-
cently developed [14] a suitable numerical algorithm that
judiciously performs such controls along the radial evalua-
tion process and modifies the size of the relevant S-matrix.
We have called it the Modified Variable Phase Approxi-
mation (MVPA) and have employed it in the present case
to solve the set of coupled equations (5). The gain in the
computational effort can be of about two orders of mag-
nitude with respect to more conventional methods: the
details of the method and on analysis of its performances
have been given in reference [14] and will not be repeated
here.

Typically, for numerical convergence we needed to use
the full coupling from about 10−3 Å (the initial integration
point) out to 8.0 Å, then we could gradually reduce the K-
matrix size out to 600 Å for H2 and out to 2000 Å for N2.
The total angular momentum values went up to 5 for H2

and N2, while the target rotational basis was extended up
to 16 for H2 and up to 28 for N2. The rotational constant
of the former target was taken to be 60.853 cm−1, while
it was only 1.98 cm−1 for the latter molecule. The mul-
tipolar coefficients of the potential expansion went up to
λmax = 18 for the hydrogen target and to λmax = 26 for
the nitrogen target. The corresponding partial wave angu-
lar momenta for the scattered electron therefore went up
to lmax = 21 for the H2 molecule and up to lmax = 33 for
the N2 molecule. The above parameters produces the level
of convergence of the S-matrix elements to be of the order
of about 10−4−10−5 with respect to further extensions of
the CC parameters indicated above. We could therefore
consider the present results as being numerically “exact”
within the quality of our chosen interaction potential, de-
scribed in the next section.

3 The electron-molecule interaction

3.1 The single center expansion

Resonant and non-resonant low-energy scattering of elec-
trons from polyatomic targets can be studied theoretically
(and computationally) at various levels of sophistication
for the description of: (i) the electronuclear structure of
the target molecule, (ii) the interaction forces between the
bound particles and the impinging electron and (iii) the
dynamical formulation of the quantum scattering equa-
tions.

We employ an ab initio, parameter-free approach
which starts with the target nuclei being kept fixed at

their equilibrium geometry, thus disregarding for the mo-
ment vibrational excitation processes, which will be dis-
cussed in following work. This simplifying scheme goes
under the familiar name of Fixed Nuclei (FN) approxi-
mation [3] and it strongly reduces the dimensionality of
the coupled scattering equations for the dynamics. Fur-
thermore, the target N -electrons in a specific molecular
electronic state (which, for the present purpose, is taken
to be the ground state) are described using the Hartree-
Fock, Self-Consistent Field (SCF) approximation via the
Single Determinant (SD) description of its N/2 occupied
Molecular Orbitals (MOs). In our implementation of the
scattering equations the occupied MOs of the targets are
again expanded on a set of symmetry-adapted angular
functions with their corresponding radial coefficients rep-
resented on a numerical grid [15]. In this approach, any ar-
bitrary three-dimensional function describing a given elec-
tron, either one of the N bound electrons or the scattering
electron, is expanded around a single-center (SCE) usu-
ally taken to be the c.o.m. of the global (N + 1) electron
molecular structure

F pµ(r, r̂|R) =
∑
l,h

r−1fpµ
lh (r|R)Xpµ

lh (r̂). (9)

The above SCE representation refers here to the µth el-
ement of the pth irreducible representation (IR) of the
point group of the molecule at the nuclear geometry R.
The angular functions Xpµ

lh (r̂) are symmetry adapted an-
gular functions given by proper combination of spherical
harmonics Ylm(r̂)

Xpµ
lh (r̂) =

∑
m

bpµ
lmhYlm(r̂). (10)

The details about the computation of the bpµ
lmh have been

given by us before and will not be repeated here [15,16].

3.2 The anisotropic potential

For a target which has a closed-shell electronic structure
with nocc doubly occupied orbitals ϕi, its interaction with
a scattering electron as first given by its Exact Static plus
Exchange contributions

VESE(r) =
M∑

k=1

−Zk

|r − Rk| +
nocc∑
i=1

(2Ĵi − K̂i) (11)

where Ĵi and K̂i are the usual local static potential and the
non-local exchange potential operators, respectively. The
index k labels one of the M nuclei located at the coordi-
nate Rk in the c.o.m., molecular frame of reference (MF).
Electron-molecule scattering cross-sections (integral and
differential) which are computed using only the VESE po-
tential show in general limited agreement with experimen-
tal data of elastic scattering and become even worse when
dealing with resonant scattering. The reason lies in its
lack of description of the target response, i.e. of the ef-
fects of long-range polarisation of the bound electrons by



360 The European Physical Journal D

the charged projectile and of the short-range dynamical
correlation between the latter and the molecular electrons.

At higher collision energies this is reflected in the fact
that no electronically inelastic processes can be treated at
the ESE level of interaction. At the lower energy, of more
direct interest in the present study, the lack of inclusion
of the target response leads to the neglect of important
polarisation effects which then causes the wrong energy
behaviour and magnitude of the elastic cross-sections and
which further significantly shifts positions and widths of
the shape resonances, if existing. For the case of poly-
atomic targets we have developed over the years a model,
nonempirical treatment of both exchange and correlation
forces [15–20] which markedly reduces the computational
effort while however producing very good accord with
available experimental cross-sections [17,21]. It is that de-
scription of the full electron-molecule interaction which we
adopt in the present study.

We thus use the Semiclassical Exchange (SMCE)
model to treat the bound-continuum exchange interac-
tion [19]. In this model the local momentum of the bound
electrons is initially disregarded with respect to that of
the impinging one, thereby leading to the neglect of the
gradients of the former with respect to the gradient of
the latter [19,20]. The details of its derivation have been
given extensively in the above references and therefore
they will not be repeated here. The final expression of
the exchange forces, V SMCE(r|k2) is given by an energy-
dependent function of the static interaction, VST , and the
target total electron density in terms of its Molecular Or-
bitals (MO), ϕs(r)

V SMCE(r|k2) =
1
2
{E − VST (r)}

− 1
2

{
[E − VST (r)]2 + 8π

N∑
s=1

|ϕs(r)|2
}1/2

(12)

where E is the asymptotic collision energy E = 1
2k2 and

the index s runs over the occupied MO’s of the target. VST

is the statistic interaction with the target electronuclear
structure.

To further include in the electron-molecule potential
the long-range polarisation terms and the short-range dy-
namical correlation effects, we have implemented a lo-
cal energy-independent model potential, Vecp(r), discussed
in our earlier work [21]. Briefly, the Vecp potential con-
tains a short-range correlation contribution, Vcorr, which
is smoothly connected to a long-range polarisation contri-
bution, Vpol, both terms being specific for electron projec-
tiles. The short-range term is obtained by finding where
the two radial coefficients for l = 0 first intersect. This
has been, in fact, what we found in many cases to be the
more effective choice in terms of the global smoothness of
the total potential [21]. Hence, one writes down the full

potential as

Vecp(re) =


Vcorr(re) re ≤ rmatch

Vpol(re) +
∑
lm

Clm r−λ Ylm(r̂e) re > rmatch . (13)

The Clm coefficients have been determined to make the
potential continuous at rmatch and the exponent λ is a
function of l such that: λ(l) = 6, 5, 6 for l = 0, 1, 2 and
λ(l) = l + 2 for l ≥ 3. The matching functions are chosen
in a way in which each term added to Vpol after rmatch

has the same functional form of the first term neglected
in the perturbation expansion of Vpol. The present values
of rmatch for l = 0 are around 4.0a0 for H2 and around
5.0a0 for N2. This interaction now corresponds to solv-
ing out the scattering equations using Static-Exchange-
Correlation-Polarisation (SECP) potentials.

The polarisation term contains the spherical and non-
spherical parts of the diatomic dipole polarisabilities:

V
(0)
pol = − α0

2r4
e

; and V
(2)
pol = − α2

2r4
e

P2(cos r̂e · R̂eq) (14)

for the H2(Req) the α0 value was 5.43a3
0, while it was

11.80a3
0 for N2(Req); correspondingly, the two α2 values

were, respectively 1.32a3
0 and 3.08a3

0. The full SECP in-
teraction was then rewritten using the familiar multipolar
expansion in the Space-Frame (SF) reference system of its
Jacobi coordinates

VSECP (re′ |Req) =
Lmax∑

L=0, even

V SECP
L (re)PL(cos r̂e · R̂eq).

(15)
The individual multipolar coefficients were then fitted
with spline functions and the expansions extended up to
the Lmax values for H2 and N2 already mentioned in Sec-
tion 2. A pictorial example of the lowest multipolar coef-
ficients (L = 0) for both molecules is shown in Figure 1,
where one clearly sees the longer range of action of the
full potential in the case of N2 with respect to H2.

4 The computed cross-sections

4.1 Results for the H2 molecular target

As discussed in the introduction, the colliding electron
and molecule exchange only a small amount of angular
momentum quanta. Therefore, for homonuclear molecules
only transitions j → j or j → j±2 and j±4 are important.
The usual adiabatic approximation invoked to evaluate
such transitions [22], as mentioned earlier, allows one to
extract approximate values by exploiting the well-known
impulse conditions (e.g. see: [23])(

kj

kj′

)
dσ(j → j′)/dΩ =

∑
J≥∆j

{C(jJj′; 000)}2 (k0/kj)

× dσ(0 → J)/dΩ. (16)
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Fig. 1. Radial behaviour of the spherical components for
the computed e−-molecule potentials. Upper panel: H2, lower
panel: N2.

3.0e+04 6.0e+04

2e-14

3e-14

in
te

ra
ct

io
n 

tim
e 

τ in
t (

se
c)

0 500 1000
2e-13

4e-13

6e-13

8e-13

1e-12

collision energy (meV)

e
-
-H

2 e
-
-N

2

E=21.76 eV

E=255 meV

τ
rot

=2.18e-14

τ
rot

=6.70e-13

Fig. 2. Computed interaction times as a function of collision
energies. The dashed lines show the values of the rotational
times, τrot, for the (0 → 2) transitions for H2 and N2 treated
as rigid rotors.

The above relation has therefore been used extensively in
the past to extract estimates of the inelastic/elastic, state-
to-state cross-sections from low-energy swarm data [24].
The SF coupling scheme becomes mandatory for rota-
tionally inelastic collisions where the molecular rotational
time, τrot, is shorter than the e−-molecule interaction
time, τint. Figure 2 shows the behaviour of such quantities
for the present targets and clearly indicates the bound-
aries. The exact computational approach thus treats the
quantum energy transfer process more correctly and rig-
orously by carrying out the dynamical coupling between
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Fig. 3. Computed and measured elastic partial integral cross-
sections for e− − H2 collisions. The solid line reports present
calculations while the other curves report earlier experiments
and calculations. See inset for the explicit references.

the molecular rotational states and the potential torque
applied by the anisotropic force field induced by the im-
pinging electron during the encounter and should solve the
scattering equations on the correct energy shell. The use
of accurate dynamical treatments for rotationally inelastic
cross-section calculations is expected to play a significant
role at low collision energies, where the sudden scheme
implied by equation (15) is no longer valid. We there-
fore limit our present study to that energy range where
our space-frame rotational close coupling (SF-RCC) treat-
ment should be preferred.

The study of such quantities has a long history for the
H2 molecule [22–34] but the calculations which have been
carried out usually employed simplified models to generate
the lower multipolar coefficients of equation (15) [26–28]
while in the present study we have employed the “ex-
act” static interaction, the correct dipole polarisabilities
in the long-range region and we used a non-empirical, lo-
cal modelling of exchange and correlation forces which
has produced before very good accord with the available
experimental observables for more complicated molecular
targets [15–18].

In the SF-RCC calculation we used a step size of
10−3 Å starting near the center-of-mass origin and extend-
ing the integration out to 600 Å, switching to the variable
phase integrator beyond about 8 Å, as discussed before.
The multipolar expansion of equation (15) was kept till
Lmax = 18 while 9 rotational states (jmax = 16) where
included in the set of the SF-RCC equations. The higher
partial wave value went to lmax = 21, with about 600 cou-
pled equations per symmetry. The rotational constant was
taken as 60.853 cm−1. We therefore claim that the present
cross-sections are numerically converged to within 10−3 of
their values. In other words, within the accuracy of the in-
teraction forces the coupled-channel results are essentially
exact.

The results reported in Figure 3 show our low-energy
computed integral cross-sections for the σ(j = 0 → j = 0)
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process. The “experimental” data given by the filled-in
symbols in the same figure were extracted from swarms
data using equation (16) as discussed before: they were
reported by Shimamura in reference [23] and by others
in references [24,25], with the earlier data given in ref-
erences [29,30]. The low energy behaviour is shown up to
1.5 eV and indicates the good accord that our calculations
attain in that energy region where swarms data achieve
the highest reliability. The references for the experimen-
tal data are given in the figure. We also report earlier
theoretical calculations [26–28] which used approximate
interaction potentials and obtained the cross-sections ei-
ther in an SF frame [26,27] or from the adiabatic trans-
formation [28]: our present results remain fairly close to
experiments in comparison with the other calculations.

The inelastic cross-sections for the (0 → 2) and the
(2 → 4) excitations are shown, again for the same low-
energy region, in Figure 4, upper and lower panels respec-
tively. The measurements reported are from reference [33]
and were extracted from measured swarms data [32,34].
The dotted curves are calculations from reference [28]
while the dot-dashed curves are calculations from refer-
ence [26] and the dashed curve reports calculations from
reference [27]. Here again one sees that the present ap-
proach yields cross-sections which are fairly close to the
experimental quantities and follows measurements the
closest beyond a collision energy of about 0.75 eV. The cal-
culations of reference [28], dotted curve are also reported:
one sees that those calculations, at very low energies,
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Fig. 5. Computed efficiency indicators for the rotational ex-
citation processes by electron impact at low energy for the
H2 and N2 molecules, upper and lower panel respectively. The
two panels report the average energy transfers as defined by
equation (17) while the two insets show the heating efficiency
values, Che, from equation (18).

are closer to the swarms data than the present calcula-
tions while, at higher energies, the agreement worsens and
the present, model interaction produces inelastic cross-
sections closer to experiments.

Other quantities of interest for obtaining the excita-
tion efficiency of electron beams in diluted molecular gases
could be obtained by evaluating the average energy trans-
fer, 〈∆E〉rot, out of the lowest rotational level of H2, j = 0

〈∆E〉tot(j = 0) =

∑
j′ ∆εjj′σ(j → j′)∑

j′ σ(j → j′)
(17)

and also by computing the so-called heating efficiency co-
efficient, Che, given as

Che =

∑
j′ �=j σ(j → j′)∑

j′ σ(j → j′)
(18)

which describes the relative flux going into the excited
rotational states of the molecule (starting from its ground
state) due to the inelastic collisions.

The low-energy behaviour of such quantities for the
H2 molecule is shown in the top panel of Figure 5, where
the Che coefficient is reported in the inset of that figure.
One clearly sees there that for a light molecule like H2,
with very large energy spacing between rotational lev-
els and with very high rotational speeds in the classical
sense, the excitation by low-energy electron is not an effi-
cient process, although it reaches its largest values in the
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energy region where a broad shape resonance is thought
to occur during the collision process [24]. On the whole,
however, the efficiency of the rotational energy transfer in
this system does not go beyond about 12% of the total
available flux.

4.2 Rotational excitation of N2 molecules

Both the theoretical and experimental studies on the ro-
tational excitation of N2 by collision with electrons have
been studied frequently over the years, although the num-
ber of direct experimental tests has been fairly limited.
For instance, their experimental determination from beam
data at energies around the resonance structure was per-
formed a while ago [36] and further data at lower energies
were produced a little later [37]. Combined experimental
and theoretical studies were published later on, in rela-
tion to near-threshold swarms data and in the presence of
vibrationally inelastic processes [34,37,38]. Pure rotation-
ally inelastic cross-sections at very low energies have been
computed in the 80’s [38–41] and in even earlier model cal-
culations [42–45]. The latter results were all obtained at
higher energies beyond the resonant structure and all con-
firmed the realistic description of exchange forces through
the SCE model potential as we have described earlier and
which we have used in the present work.

In the evaluation of the potential multipolar coeffi-
cients the L values went up to Lmax = 26, using the
experimental dipole polarisability of N2. The number of
rotational levels went up to jmax = 28 and the radial in-
tegration was extended out to 2000 Å, with a variable step
size that started at 10−3 Å near the potential origin. The
rotational constant of the molecule is much smaller than
in the case of H2: 1.985 cm−1. The highest value of the
scattered partial wave therefore was lmax = 28, providing
sets of coupled equations, for each even and odd symme-
try, of about 1,800 equations. We report in Figure 6 the
available experimental data, the earlier calculations and
our present results. The values refer to the partial inte-
gral cross-sections for the elastic (j = 0 → j = 0) process.

The experimental data, listed by the captions in the
figure, correspond to the beam measurements of Jung
et al. (filled circles) from reference [36], to the low-energy
data of Sun et al. (filled diamonds) from reference [38],
and to further beam data at lower energies by Sohn et al.
(filled squares) from reference [37]. The dashed-dotted line
gives the calculated values of reference [28], while those of
reference [40], that include a parametrisation of the reso-
nant structures to reproduce the oscillations seen experi-
mentally are given by the dotted line. Our own results are
shown by the solid line. The dashed line gives the results
of the calculations from [41]. The following considerations
could be made at this point:

1. the present SF dynamics calculations turn out to come
fairly close to the experiments available, all the way
from the very-low energy range and through the reso-
nance region, while some of the calculations (i.e. those
given by the dotted line and the dot-dashed line) fail
in the resonance region;
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Fig. 6. Computed and measured rotationally elastic partial
integral cross-sections for the N2 molecule. The solid line shows
present results while the earlier calculations and experiments
also reported are labeled as given in the inset.

2. it is also reassuring to see that also the width of the res-
onance is well reproduced by the present results: they
follow very closely the data of Jung [36] and Sun [38].
Naturally, as no vibrational coupling is included in our
calculations, no vibrational structure is present across
the resonance region in our computed cross-sections.

The rotationally inelastic, partial cross-sections for the
σ(j = 0 → j′ = 2) and σ(j = 0 → j′ = 4) are re-
ported in Figure 7. The filled-in diamonds refer to the
fitted swarms data using a low-energy modelling with
dominant quadrupole term, as discussed in reference [34].
Their fitting that further includes polarisation contribu-
tions is given by the dash-dash-dot curve [34]. The ear-
lier calculations by Onda [40] are shown by the dotted
line: they employed a modelled interaction potential with
a parametric factor that adjusted its value over the vi-
brational resonances to reproduce the experimental oscil-
lations. The calculations from reference [45] are given by
the dash-dotted line. We also report the calculations of
reference [41], given by the chained curve, as indicated in
the figure. The present computation, carried out in the SF
frame (solid line), is able to go down to very low collision
energies and to well represent the cross-section threshold
behaviour as it is provided by the modified effective range
theory (MERT) employed earlier [41]. On the whole, how-
ever, calculations are all over the place and the lack of
reliable, direct experiments on the excitation process in
this molecule prevents us from selecting the most reliable
computed results among those available.

The corresponding inelastic cross-sections for the (j =
0 → j = 4) excitation process are also reported in Fig-
ure 7, lower panel. We also report the calculations from
reference [41] (broken line) and those from a private com-
munication by Morrison [39] (chain curve). The estimated
threshold behaviour from the swarms data [34], reported
by the dot-dashed line, is seen in the inset and is very
well reproduced by our calculations (solid line). In con-
trast to this, the calculations from reference [40] (dotted
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Fig. 7. Same as in Figure 6 but for the rotationally inelastic
partial integral cross-sections (j = 0 → j′ = 2), upper panel,
and (j = 0 → j′ = 4), lower panel. The present calculations
are given by the solid line. Other calculations and the fitted
experiments are reported as described by the insets in both
panels.

line) show a spurious peak at threshold. The calculations
from references [39,41] are also shown and agree with the
present data at very low energies (see inset).

The same efficiency indicators are given in Figure 5 for
the N2 molecular target. The calculations indicate clearly
that the excitation efficiency increases dramatically within
the energy region of the shape resonance: the lengthened
interaction time in fact, allows the impinging electron to
transfer energy more effectively into molecular rotations.
We therefore see from that figure than in the energy range
between about 1.5 and 2.3 eV the average energy trans-
fer rises from about 2.0 meV up to about 15 meV, i.e.
it increases by at least an order of magnitude. The same
effect appears to occur for the Che parameter: around the
resonant energy it becomes more than 50%, clearly larger
than in the case of the H2 molecule, where it does not go
above 12% of the total flux. The smaller rotational con-
stant of the N2 molecule, as well as the markedly stronger
anisotropy of the e−−N2 interaction, therefore plays here
a significant role in allowing the electron to apply larger
torques to molecular rotations during collisional events.

5 Present conclusions

In this work we have undertaken to implement a newly
proposed integration scheme for ionic interaction, the

MVPA method [12] for e−-molecule collisions at low en-
ergy and to analyse with it numerically converged ro-
tational excitation cross-sections of H2 and N2 at low
energies down to their threshold openings, employing a
parameter-free model interaction. In order to reach numer-
ical convergence we have treated the quantum dynamics
within a space frame (SF) reference instead of employing
the more conventional Body-Fixed (BF) frame of refer-
ence (e.g. see Ref. [3]). The electron-molecule interaction
was constructed from ab initio model calculations for two
fairly well studied diatomic targets like H2 and N2 [1]. Our
approach is, however, totally general and we are currently
extending the code to treat spherical and nonspherical ro-
tors to handle nonlinear polyatomics [46]. The numerical
convergence of the S-matrix elements was checked to be
around 10−4− 10−5 and the computational savings of the
present method is about two orders of magnitude with
respect to earlier propagators [12].

The results clearly show, for both systems, that the
exact SF treatment of the dynamics allows us to obtain
realistic estimates of elastic and inelastic rotational cross-
sections, down to very small collision energies, even when
using model potentials. The comparison with available
measurements shows at times rather good agreement for
both molecules, for which our present computational tools
makes it somewhat easier to obtain numerically converged
coupled-channel results.

The present calculations further show, as expected,
that rotationally inelastic transitions induced by electron
impact, albeit occurring in general with low efficiency, be-
come much more probable when taking place in the pres-
ence of strong narrow resonances (like in the case of N2)
and to also increase in size with the increase of density
of states of the target rotational manifolds. The actual
numerical values of the calculated cross-sections could be
obtained on request from the authors.
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